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Abstract:

A graph is called odd graceful if it has an odd graceful labeling. The
definition of odd graceful graphs was introduced by Gnanajothi [1]. Here we will
define the graph (m, k) C4-snake and prove that the graphs kCy- snake is odd graceful,
we prove the graph (2, k) Cs-snake is odd graceful, we will introduce the odd graceful
labeling of the graph (3, k) Cs-snake, we will introduce the odd graceful labeling of
the graph (m, k) C4-snake. We prove that the graphs kCe- snake is odd graceful, we
prove the graph (2, k) Ce-snake is odd graceful, we will introduce the odd graceful
labeling of the graph (3, k) Ce-snake, we will introduce the odd graceful labeling of
the graph (m, k) Ce-snake. we will prove that the graph (2, k) Cg-snake is odd
graceful, we will introduce the odd graceful labeling of the graph (3, k) Cg-snake, we
will introduce the odd graceful labeling of the graph (m, k) Cg-snake, and after that we

will prove that the graph kC2-snake is odd graceful.

Introduction:

A graph is called odd graceful if it has an odd graceful labeling.
Gnanajothi [1] introduced the definition of odd graceful graphs. A graph G with g
edges is said to be an odd graceful if there is an injection ¢ from the vertices of G
"V(G)" to the set {0, 1, 2...2q - 1} such that, when each edge {u, v} is assigned the
label k = ¢ (u) — ¢ (v)|, ke{1, 3, 5,...2q - 1}.

The graphs considered here will be finite, undirected and simple. We

denote the vertex sets and the edges sets of a graph G by V(G) and E(G) respectively.
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A cycle in a graph G is a closed walk of the form w;w,ws...w, where k> 3,
and if for some i= j we have w; = w;then {i, j} = {1, 2}. A kCy-snake is a connected
graph with k blocks; each of the blocks is isomorphic to the cycle C,, such that the
block-cut-vertex graph is a path. We also call a kC,-snake as a cyclic snake. The
graph kC,-snake was introduced by Barrientos as generalization of the concept of
triangular snake introduced by Rosa [2]. Rosa [2] The cycle C, is graceful if and only
if n=0or 3 (mod 4), E. M. Badr, M. I. Moussa and K. Kathiresan [3] proved that The
cycle C, is odd graceful if n is even, n >4. Now we define The graphs mC, as the

family of graphs consisting of m copies of C, with two non adjacent vertices in

2Ca4
3C4

Figurel: The graphs 2C, & 3C,.

common

Example 1

and The graphs (m, k) C4 as the family of graphs kC,4-snake where every block has m
copies of C, with two non adjacent vertices in common. such that the number of

blocks is denoted by k.

Example 2
2.2)C, (3, 2)C,
Figure 2: The graphs (2, 2) C, & (3,2) C.,.
Main Results:



Theorem 1: The graph kC4-snake ™ (1, k) C4-snake” is odd graceful.
Proof

Let kC4-snake be a graph and has g edges. Let U;U,Us. ..Uk, WiWoWs...W, and ViVoVs | Vg
are the vertices of kCy4-snake, such that v; & w; are put between u; and ui,. =1, 2, 3...

k, the graph kC;- snake has number of edges "q" 4k, as shown in the next figure.

Wy W W3 Wy
—————— > u
U; K+1
u, Us Ua Uk
Vi V2 V3 Vi

Figure 3: The graph kC,-snake

The number of edges” q"= 4k

Define ¢: V(G) — {0, 1, 2... 29-1} as following:

é(u)=4i—4 i=1,2,3...k+1
¢ (w;) =29 —4i+3 1=1,2,3...k
¢ (Vi) =2q-4i+1 i=1,2,3...k

From the definition of ¢ we find:
* Vv eV(G) : V(G) is a set contains all the vertices of the graph G = kC,-snake

9 = 4i — 4 2g—4i+3 2g—4i+1
7B oW mmed g (U8, mgemdid 3, gapGemai L}

= max{max{0, 4, 8 ...4k}, max{2q-1,2q9-5 ... 2q — 4k + 3}, max{2q
-3,20-7...29—-4k + 1}}

=29-1

Hence, we find that -

o) €{0,1,2...29-1}



* It's obvious that V u,v e V(G) 3 ¢ (U) £ 4 (v) € {0, 1,2 ... 20— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {
0,1,2...2q- 1}

» Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as following:
The range of | g (W;) - ¢ (u;) | ={29-8i+7 =12 ..k}
={29-1,29-9...29-8k+7} , 20 = 8k

={29-1,29-9...7}

The range of | ¢ (W;) - ¢ (uir1) | = {29 - 8i + 3 ,i=1,2...k}
={29-5,29-13...20-8k+3} , 20 =8k
= {29-5,29-13...3}

Therangeof | ¢ (V) - o () | ={29—-8i+5 =1,2 ..k}
={29-3,290-11...29-8k+5} , 20 = 8k
= {29-3,29-11...5}

The range of | ¢ (Vi) - ¢ (Ui) | ={29-8i +1 ,i=1,2...k}
={29-7,20-15...29-8k+1} , 20 =8k
={29-7,29-15... 1}

Hence, {| ¢ (uU)-o(V)|:uv e E(G)} = {1,3,5...20- 1}.

So the graph kCs-snake is odd graceful.

Example 3

23 19 15
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Figure 4: The odd graceful labeling of the graph 3C,-snake

Theorem 2: The graph (2, k) C4-snake is odd graceful.

Proof

Let UjUoUs. . .Uz, Wo'Wi2Wo'wo2. . wilwy 2 and vi'v,2v,'vo?. .. vy, ® are the vertices of (2,
k) C4-snake, such that v;' & w;’ are put between u;and U i=1,2,3...k j=1,2. v’
is beneath v; ”** and w;’ is beneath w;** where j = 1, 2, the graph (2, k) C4-snake has

number of edges "q" 8k, as shown in the next figure. .

Figure 5: The graph (2, k) C,;-snake

The number of edges” q"= 8k

Define ¢: V(G) — {0, 1, 2... 29-1} as following:

#(U)=8i—8 i=1,2,3... k+1
& (W) =2q—8i +2j +3 i=1,2,3...k  ,j=1,2
# (Vi) =2q-8i +2j-1 i=1,2,3...k ,j=12

From the definition of ¢ we find:

* Vv eV(G) : V(G) is a set contains all the vertices of the graph G = (2, k) C4-snake



3 & -
,nax ¢ (v)

max{ max (8i —8), lg??%(zq —8i+2j+3),
i=1.2

lgggg(zq —8i+2j— 1)}
=12

= max {max {0, 8, 16 ...8Kk},

max {2g + 2j — 5,29 + 2j — 13 ... 2¢ + 2j -8k + 3},
i=1.2

max {2q +2j—9,2q +2j— 17 ... 2¢ + 2j -8k —1}}
=12

2q-1

Hence, we find that -

d(V) €10,1,2...2q— 1}
o It's obvious that Vu,v e V(G) 3 g (U) £ 4 (V) € {0, 1,2 ... 20— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {
0,1,2...2q- 1}

» Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as following:
The range of | ¢ (wi') - ¢ (u;) | = {2q — 16i + 13 Ji=1,2..k}
={29-3,29-19...2q— 16k + 13 } ,2q = 16k

= {29-3,29-19 ... 13}

The range of | ¢ (Wi") - ¢ (Ui.s) | = {29 — 16i + 5 ,i=1,2..k}
={29-11,2q-27...2q-16k+5} , 20 = 16Kk
= {29-11,2q9-27... 5}

The range of | ¢ (W) - ¢ (u;) | = {29 — 16i + 15 =1,2..k}
={29-1,29-17...29-16k+ 15} , 2 = 16k

={29-1,29-17 ... 15}
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The range of | ¢ (W) - ¢ (Ui.y) | = {29 — 16i + 7 ,i=1,2..k}
={29-9,29-25...2q-16k+ 7 }
= {29-9,29-25...7}

The range of | ¢ (V') - ¢ (u;) | = {29 — 16i + 9 =1,2..k}
={29-7,20-23...20-16k+9}
= {29-7,20-23...9}

The range of | ¢ (vi') - ¢ (Uis1) | = {29 — 16i + 1 ,i=1,2..k}
={2q-15,29-31...2q-16k+1}
= {29-15,2q9-31... 1}

The range of | ¢ (v?) - ¢ (u;) | = {29 — 16i + 11 i=1,2..k}
={29-5,29-21...29- 16k +11}
= {29-5,2q-21 ... 11}

The range of | ¢ (v?) - ¢ (Uis) | = {29 — 16i + 3 i=1,2..k}
={29-13,20-29...2q-16k +3}
= {29-13,29-29 ... 3}

Hence, {| ¢ (u)- ¢ (V) |:uv e E(G)} = {1,3,5...29-1}.

So the graph (2, k) Cs-snake is odd graceful.

Example 4

, 20 = 16k

,2q = 16k

, 20 = 16k

, 20 = 16k

,2q = 16k



Figure 6: The odd graceful labeling of the graph (2, 4) C,-snake
Theorem 3: The graph (3, k) C4-snake is odd graceful.

Proof

Let UyUsUs. . . Uer, Wo'WAW AW WAWL2. o wiwidwiE and viivi v v, v 252, vitviv e are the
vertices of (3, k) Cs-snake, such that v;! & w;’ are put between u; and U, i = 1,2, 3...
k,j=1,2, 3. v is beneath v;"** and w;’ is beneath w;** where j =1, 2, 3, the graph (3,
k) Cs-snake has number of edges "q" 12k, as shown in the next figure.

Figure 7: The graph (3, k) C,-snake

The number of edges™ q"= 12k
Define ¢: V(G) — {0, 1, 2... 2g-1} as following:
o (u)=12i—-12 A=1,2,3...k+1

é (W) =2q—12i +2j + 5 i=1,2,3..k ,j=1,2,3



p(vi)=2q-12i+2j-1 =1,2,3...k ,j=1,2,3
From the definition of ¢ we find:
* Vv eV(G): V(G) is a set contains all the vertices of the graph G = (3, k) C4-snake

3 p
,hax ¢ (v)

=max{ 9 (12i —12), 12?53Jf(2q —12i + 2j + 5),
15j53

115]?53%(2q —12i+2j— 1)}
1=j=3

= max {max {0, 12, 24 ... 12k},

max {2g +2j—7,2g +2j—19 .. 2q +2j-12k + 5},
j=1.2.3

max {2g + 2j— 13,2g + 2j — 25 ... 2q¢ + 2j-12k — 1}}
i=1.2.3

=2q-1

Hence, we find that -

p(vV) €{0,1,2...29-1}
* It's obvious that V u,v e V(G) 3 ¢ (U) £ 4 (v) € {0, 1,2 ... 29— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {
0,1,2...29- 1}

* Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as following:
The range of | g(Wi") - ¢ (u;) | = {29 — 24i + 19 i=1,2..k}
={29-5,290-29...20-24k+19} , 20 = 24k

= {29-5,290—-29 ... 19}
The range of | ¢ (Wi') - @ (Uis1) | = {29 — 24i + 7 =12 ..k}

={2q-17,29—-41...2q-24k+7} 2 = 24k



= {29-17,29-41...7}

The range of | ¢ (Wi’) - ¢ (u)) | = {2q — 24i + 21 Ji=1,2..k}
={29-3,20-27...29—-24k+21} , 20 = 24k
= {29-3,29-27...21}

Therange of | g (W) - ¢ (Ui) | = {29 -24i+9  ,i=1,2..k}
={2q9-15,2q9-39 ... 29— 24k + 9} , 20 = 24k
= {2q-15,29-39 ... 9}

The range of | ¢ (w?’) - ¢ (u) | = {29 - 24i + 23 Ji=1,2..k}
={29-1,290-25...29—-24k +23} , 20 = 24K
= {2q-1,29-25...23}

Therange of | (W) - ¢ (i) |={29-24i+11  ,i=1,2..k}
={29-13,2q-37...2q— 24k + 11} , 20 = 24k
= {29-13,2q-37 ... 11}

Therange of | §(v') - g(u) [={29-24i+13  ,i=12.k}
={29-11,2q9-35...2q- 24k + 13} , 20 = 24k
= {2q-11,2q-35... 13}

The range of | ¢ (vi") - ¢ (Uis) | = {20 - 24i + 1 i=1,2..k}
={29-23,2q-47...2q—-24k+1} , 20 = 24k
= {2q-23,2q-47 ... 1}

The range of | ¢ (v?) - ¢ (u;) | = {29 - 24i + 15 Ji=1,2..k}
={29-9,20-33...29-24k+15} , 20 = 24k

= {29-9,29-33 ... 15}
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The range of | ¢ (v?) - ¢ (Uis) | = {20 — 24i + 3 i=1,2..k}
={29-21,29-35...2q—24k+3} , 20 = 24k
= {29-21,29-35... 3}

The range of | ¢ (V%) - ¢ (u) | = {20 — 24i + 17 ,i=1,2..k}
={29-7,20-31...29—-24k+17} , 20 = 24K
={29-7,29-31...17}

The range of | ¢ (V%) - ¢ (u) | = {29 - 24i +5 ,i=1,2..k}
={29-19,2q-43...2q—-24k+5} , 20 = 24k
= {29-9,29-43...5}

Hence, {| ¢ (u)- ¢ (v)|:uv e E(G)} = {1,3,5...29-1}.

So the graph (3, k) Cs-snake is odd graceful.

Example 5

Figure 8: The odd graceful labeling of the graph (3, 3) Cs;-snake
Theorem 4: The graph (m, k) C,-snake is odd graceful.
Proof

Let UUnUs. ..Us, Wi', where i=1,2,3...k, j=1,2,3,...mand v;!, where i =1, 2, 3.. k,
j=1,2,3...mare the vertices of (m, k) C4-snake, such that v;’ & w;! are put between u;

and Ui i =1,2,3...k,j=1,2,3...m. v’ is beneath v;"** and w;' is beneath w;"** where
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j=1,2,3...m, the graph (m, k) C4-snake has number of edges "q" 4m k, as shown in
the next figure.

Figure 9: The graph (m, k) C,-snake

The number of edges” q" = 4m k

Define ¢: V(G) — {0, 1, 2... 29-1} as following:

#(u) =4m (i—1) i=1,2,3... k+1
¢ (Wi') =2q—4mi +2j +2m -1 ,i=1,2,3...k ,j=1,2,3..m
() = 2q - 4mi +2j - 1 i=1,2,3..k ,j=1,23..m

From the definition of ¢ we find:
Vv eV(G): V(G) is a set contains all the vertices of the graph G = (m, k) C,-snake
3 ,max ¢ (v) =

max{ 15?2!?-1:{1 (4mi — 4m), 12}2{5(2@ —4mi+ 2j + 2m — 1)
1=jsm

, max(2q — 4mi + 2j — 1)}

1=i=k,
1=j=m
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max{max{0, 4m, 8m .. 4mk},
 max f2q+2j—2m—1,2g+2j—6m—1 .. 2g +
ZjEm
2j —4mk — 1}

max {2g+2j—4m—1,2¢g+2j—8m—1 .. 2g+
=1,2.3

2j —4mk — 1}
}

=29-1

Hence, we find that -

p(vV) €{0,1,2...29-1}
e It's obvious that V u,v e V(G) 3 ¢ (U) £ 4 (v) € {0, 1,2 ... 20— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {
0,1,2...2q- 1}

» Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as following:
The range of | ¢ (W) - ¢ (u) | = {29 — 8mi + 2j + 6m - 1 =1,2..kj=172
...m}
={29+2j-2m-1,29+2j—-10m—1 ... 29 + 2j — 8mk
+6m-1,j= 1,2,3...m} , 20 = 8mk
The range of | ¢ (W) - ¢ (ui.1) | = {29 — 8mi + 2j +2m - 1 Jd=1,2..kj=1,2
...m}
={29+2j—-6m-1,29+2j—14m—1 ... 29 + 2j — 8mk
+2m-1,j= 1,2,3...m} , 20 = 8mk
The range of | ¢ (V) - ¢ (u;) | = {29 — 8mi + 2j + 4m - 1 i=1,2..kj=12
...m}
={29+2j—-4m-1,2q+2j-12m—-1...29 + 2j —8mk +
dn-1,j= 1,2,3...m} , 20 = 8mk
The range of | ¢ (V) - ¢ (ui1) | = {29 —8mi +2j - 1 =12 ..k j=1,2...m}
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={29+2j-8m-1,29+2j-16m—1...29 + 2] —8mk
-1,j=1,2,3...m} , 20 = 8mk

Hence, {| ¢ (W) -od(V)|:uv e E(G)} = {1,3,5...20-1}.
So the graph (m, k) C4-snake is odd graceful.

Example 6

Figure 10: The odd graceful labeling of the graph (4, 2) C,-snake

Theorem 1: The graph kCs " (1, k) C¢" is odd graceful.
Proof

Let UjUoUs... Uk, WiWoWa.. Wy, ViVoVs Vi and WiWioWo, WooWaWay .. .WiqW, are the
vertices of kCe, such that v; & w; are put between u; and ui,;, w; is put between w, and
uisuchthati=1,2,3...k,p=1,2,3...k, | =1, 2, the graph kCs has number of edges
"g" 6k, as shown in the next figure.
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Figure 3: The graph kCq

The number of edges" q"= 6k

Define ¢: V(G) — {0, 1, 2... 29-1} as following:

$(u)=4i—-4 i=1,2,3... k+1

é (W) = 4i—2 i=1,2,3...k

¢ (W) =2q—4i-21+5 i=1,2,3...k,1=1,2
¢ (vi) = 4k - 4i +1 i=1,2,3..k

From the definition of ¢ we find:
* Vv eV(G) : V(G) is a set contains all the vertices of the graph G = kCs

3 i
,nax ¢ (v)

max{ oy, (4= 9. max(4i=2),

max(2q —4i — 21 +5), max(4k—4i+1)}
=12

=  max{max{0, 4, 8 ...4k}, max{2, 6

max{4k - 3,4k -7 ... 1}}

2q-1

15
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Hence, we find that -

d(V) €10,1,2...2q—1}
* It's obvious that V u,v e V(G) 3 ¢ (U) £ ¢ (v) € {0, 1,2 ... 20— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {
0,1,2...2q9 - 1}

» Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as following:
The range of | ¢ (W) - ¢ (u;) | ={29-8i +7 =1,2..k}
={29-1,20-9...29-8k+7} , 20 = 12k
Therange of | ¢ (wiy) - ¢ (W) | ={29-8i +5 ,i=1,2..k}
={29-3,29-11...20-8k+5} , 20 =12k
The range of | ¢ (W) - ¢ (W) | ={29-8i+3 0=1,2 ..k}
={29-5,29-13...20-8k+3} , 20 = 12k
The range of | ¢ (W) - ¢ (Uiny) | = {29 -8i + 1 ,i=1,2...k}
={29-7,20-9...29-8k+1} , 20 =12k
Therange of | ¢ (V) - ¢ (u;) | = {4k -8i +5 ,=1,2..k}
={4k-3,4k—11 ... 5— 4k} , 2q =12k
The range of | ¢ (Vi) - ¢ (Uir) | = {4k —8i +1 ,i=1,2...k}
= {4k- 7,4k - 15 ... 1- 4k} , 20 =12k

Hence, {| ¢ (uU)-o¢(V)|:uv e E(G)} = {1,3,5...20-1}.

So the graph kCg is odd graceful.

Example 3
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Figure 4: The odd graceful labeling of the graph 4Cs

Theorem 2: The graph (2, k) Cg is odd graceful.

Proof

Let UyUoUs...Ukes, Wo'W22Wo W02, WilW 2, vitvi &V, vo2. . vty 2 and wif, where i = 1, 2,
3..k,1=1,2j=1, 2, are the vertices of (2, k) Ce, such that v{ & w; are put between
u; and Uj.y, Wiy’ between u; and wy, such thati=1,2,3..k+1,p=1,2,3..k,1=1,2,j
=1, 2, v{ is beneath v{*!, w} is beneath w/** and w;/! is beneath w;/** where j =1, 2, the

graph (2, k) Cs has number of edges "q" 12k, as shown in the next figure.

Figure 5: The graph (2, k) Cs

The number of edges” q"= 12k

Define ¢: V(G) — {0, 1, 2... 2g-1} as following:

$(u)=8i—8 Ji=1,2,3.. k+l
¢ (W) =8i + 4j— 10 i=1,2,3...k ,j=1,2
¢ (Wif) = 29 — 8i — 4l + 2j +7 i=1,2,3...k,1=1,2,j=1,2
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p(v)=8k-8i+2j-1 A=1,2,3...k,j=1,2
From the definition of ¢ we find:
Vv eV(G): V(G) is a set contains all the vertices of the graph G = (2, k) Cs
3 ,max ¢ (v) =
max{ (0K (8i —8), 12?5313{,[8i +4j —10),
=12

lrg;gkx(zq —B8i—4l+2j+7), 113@3}1:{(81{ —8i+2j—-1)}
jgijza

max {max {0, 8, 16 ...8Kk},
_mlel){4j — 2,4 +6..4j + 8k — 10},
j=1.2

1I_nj?ﬂx{Zq— 41 4+2j—1,2qg—41+2j—9..2g— 4l +2j —
=1z

8k +7}

, _mlax{Ek +2j—9, 8k+2j—17..2j —1}}
j=1.z

=2q-1
Hence, we find that -
o) €{0,1,2...290-1}

* It's obvious that V. u,v e V(G) 3 g (U) £ 4 (V) € {0, 1,2 ... 20— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {

0,1,2...2q- 1}

» Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as following:

The range of | ¢ (wiiY) - ¢ (W) | = {29 — 16i + 13 J0=1,2 ..k}
={29-3,20-19...29-16k +13} , 20 = 24k

The range of | ¢ (wi,") - ¢ (W") | = {29 — 16i + 11 ,i=1,2..k}
={29-5,29-21...29-16k+11} , 20 = 24k
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The range of | ¢ (wi,®) - ¢ (u;) | = {29 — 16i + 15 =1,2..k}

={29-1,29-17...29-16k+15} , 2q = 24k
Therange of | g (wi’) - (W) |={29-16i+9  ,i=12.k}
={29-7,20-23...20-16k+9} , 20 = 24k
Therange of | ¢ (W') - 4 (Uis) [={29-16i+1  ,i=1,2..k}
={29-15,29-31...2q—-16k+1} , 20 = 24k
The range of | ¢ (Wi,") - ¢ (Wi') | = {29 - 16i + 7 Ji=1,2..k}
={29-9,290-25...20-16k+ 7} , 20 = 24k
The range of | ¢ (Wi2’) - ¢ (Ui.) | = {29 — 16i +3 Ji=1,2..k}
={29-13,20-29...2q—-16k+ 3} , 2q = 24k
The range of | ¢ (W) - ¢ (W) | = {29 - 16i + 5 i=1,2..k}
={2q9-11,29-27...29 - 16k+5} , 2q = 24k
The range of | ¢ (vi') - ¢ (u;) | = {8k — 16i + 9 ,i=1,2...k}
={8k-7,8k-23...9 8k} | 2q =24k
The range of | ¢ (V) - ¢ (u;) | = {8k — 16i + 11 i=1,2..k}
={8k-5,8k—-21... 11 -8k} , 20 =24k
The range of | ¢ (vi') - ¢ (ui) | = {8k —16i +1 i=1,2..k}
= {8k - 15, 8k — 31 ... 1- 8Kk} 12 = 24k
The range of | g(v?) - #(ui) |={8k —16i +3  ,i=1,2..k}
={8k-13,8k—-29 ... 3-8k} , 20 = 24k

Hence, {| ¢ (W) -o(V)|:uv eE(G)}= {1,3,5...20-1}.
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So the graph(2, k) Cs is odd graceful.

Example 4

Figure 6: The odd graceful labeling of the graph (2, 3) C¢
Theorem 3: The graph (3, k) Cs is odd graceful.
Proof

Let UyUoUs. ..Uy, Wi, Where i=1,2,3...k, j=1,2,3, v}, wherei=1,2,3..k, j=1, 2,
3and wi), wherei=1,2,3..k,1=1,2j=1, 2, 3, are the vertices of (3, k) Cs, such
that v/ & w/ are put between u; and ui.,, wiy' between u; and w/, such that i = 1, 2,
3..k+1,p=1,23..k 1=1,2,j=1, 2, 3,V{ is beneath v/**, w/ is beneath w/"* and w;’
is beneath w;/" where j =1, 2, 3, the graph (3, k) Cs has number of edges "q" 18k, as

shown in the next figure.
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Figure 7: The graph (3, k) Cs
The number of edges” q"= 18k

Define ¢: V(G) — {0, 1, 2... 29-1} as following:

¢ (u) = 12i — 12 i=1,2,3.. k¢l

& (Wi) = 12i + 4 — 14 i=1,2,3...k,j=1,2,3

é (Wif) = 29 — 12i - 61 + 2j +11 i=1,2,3...k,1=1,2,j=1,2,3
é(vi) =12k - 12i + 2j - 1 i=1,2,3..k,j=1,23

From the definition of ¢ we find:
* Vv eV(G) : V(G) is a set contains all the vertices of the graph G = (3, k) Cs
3 ,mnax ¢ (v) =
max{ max (12i —12), 12353?E(12i +4j —14),
ji=1.2.3

max (2q —12i — 6l + 2] +11),
=12
j=1.2.3

max (12k —12i + 2j — 1)}

1zisk,
i=1.2.3

= max{max{0, 12, 24
.. 12k}, _n;a:g{dij — 2,4/ +10 .. 4+ 12k — 14}
J=1.2,

11_11§|x{2q— 6l+2j—1,2qg—6l+2j—13..2q—6l+2j—

j=1.23
12k + 11}
, _n;a}g{lzk +2j—13, 12k+2j—25..2j — 11}
J=1.2,
=2q-1
Hence, we find that -

o) €{0,1,2...29-1}
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* It's obvious that V u,v e V(G) 3 ¢ (U) £ 4 (v) € {0, 1,2 ... 20— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {
0,1,2...2q- 1}

» Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as following:
The range of | ¢ (wi1") - ¢ (u;) | = {2q - 24i + 19 =12 ..k}
={29-5,290-29...29-24k+19} , 29 = 36k
The range of | ¢ (Wi,") - ¢ (Wi") | = {29 — 24i + 17 ,i=1,2..k}
={29-7,20-31...29—-24k+17} , 20 = 36Kk
The range of | ¢ (Wi?) - ¢ (u) | = {29 — 24i + 21 ,i=1,2...k}
={29-3,29-27...2q9-24k+ 21} , 29 = 36k
The range of | ¢ (Wi,®) - ¢ (W) | = {29 — 24i + 15 ,i=1,2..k}
={29-9,20-33...29-24k+15} , 20 = 36k
The range of | ¢ (Wi®) - ¢ (u)) | = {29 — 24i + 23 =12 ..k}
={29-1,29-25...2q9—-24k+23} , 20 = 36k
The range of | ¢ (Wi,%) - ¢ (W) | = {29 — 24i + 13 ,i=1,2..k}
={2q-11,2q-35...29-24k +13} , 29 = 36k
The range of | ¢ (Wi,") - ¢ (Uivy) | = {29 —24i + 1 i=1,2..k}
={2q-23,2q-47...2q—-24k+1} , 20 = 36k
The range of | ¢ (Wi,") - ¢ (Wi") | = {29 — 24i + 11 ,i=1,2..k}
={29-13,2q-37...2q-24k+ 11} , 20 = 36k
The range of | ¢ (W:,°) - ¢ (Uina) | = {29 — 24i + 3 ,i=1,2..k}
={2q-21,2q-45...2q— 24k +3} , 2q = 36k
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The range of | ¢ (Wi) - ¢ (W) | = {20 — 24i + 9 ,i=1,2..k}

= {2q- 15,2939 ... 2q— 24k +9 } . 2q = 36k
The range of | ¢ (Vi') - ¢ (u;) | = {12k — 24i + 13 J0=1,2 ..k}

= {12k - 11, 12k — 35 ... 13 — 12k} ,2q =

36k
The range of | ¢ (V%) - ¢ (u;) | = {12k — 24i + 15 =12 ..k}

= {12k -9, 12k — 33 ... 15— 12k} , 2q =36k
The range of | ¢ (V%) - ¢ (u)) | = {12k — 24i + 17 ,i=1,2..k}

= {12k -7, 12k — 31 ... 17 — 12k} , 2q =36k
The range of | ¢ (vi') - @ (Uiss) | = {12k —24i + 1 Ji=1,2..k}

= {12k - 23, 12k — 47 ... 1- 12k} , 2q = 36k
The range of | ¢ (v?) - ¢ (Uisy) | = {12k —24i + 3 ,i=1,2..k}

= {12k - 21, 12k — 45 ... 3 — 12k} , 29 = 36k
The range of | ¢ (V%) - ¢ (ui) | = {12k —24i +5 ,i=1,2..k}

= {12k - 19, 12k — 43 ... 5 — 12k} , 2q = 36k

Hence, {| ¢ (U)-o¢(V)|:uv e E(G)} = {1,3,5...20- 1}.
So the graph (3, k) Cg is odd graceful.

Example 5
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Figure 8: : The odd graceful labeling of the graph (3, 2) Cg
Theorem 4: The graph (m, k) C¢ is odd graceful.

Proof

Let uUpUs.. .Uy, W), Wherei=1,2,3...k j=1,2,3..m, v}, wherei=1,2,3.. k j=
1,2,3..mand wi/, wherei=1,2,3..k,1=1,2,j=1,2,3...mare the vertices of (m,
k) Ce, such that v/ & w; are put between u; and u;.,, wi,’ between u; and w, such that i =
1,2,3..k+1, p=123..k 1=1,2,j=1,2,3...m, V] is beneath v/**, w/ is beneath
wi*t and wi/! is beneath wi,/** where j =1, 2, 3...m, the graph (m, k) Cs has number of
edges "q" 6m k , as shown in the next figure.

Figure 9: The graph (m, k) Cq
The number of edges "q"= 6m k
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Define ¢: V(G) — {0, 1, 2... 2g-1} as following:

¢ (ui) =4m (i—1) Ji=1,2,3.. k+l

é (W) = 4mi + 4j — 4m -2 ,i=1,2,3...k ,j=1,2..m

¢ (W) = 20— 4mi - 2ml + 2j + 4m - 1 ,i=1,23...k,1=1,2,j=1,2..m
¢ (Vi) = 4mk — 4mi +2j - 1 i=1,2,3...k, j=1,2...m

From the definition of ¢ we find:
* Vv eV(G) : V(G) is a set contains all the vertices of the graph G = (m, k) Cs

3 & -
,nax ¢ (v)

max{ (L Hax (4mi — 4m), 12353J5(4m; 4 4j— 4m —2),
l<j=m

1g}g}§[2q —4mi—2ml + 2j + 4m — 1),
1=1.2.

1=j=m

1151;153E(4mk —4mi+2j —1)}
1sjsm

=29-1

Hence, we find that -

p(vV) €{0,1,2...29-1}
e It's obvious that V u,v e V(G) 3 ¢ (U) £ 4 (v) € {0, 1,2 ... 20— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {
0,1,2...29- 1}

» Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as following:
The range of | ¢ (W) - ¢ (u;) | = {29 — 8mi + 2j + 6m - 1 JA=1,2..kj=12..
m}

The range of | ¢ (W) - ¢ (W) | = {29 — 8mi —2j + 6m + 1 i=1,2..kj=1,2
...m}
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The range of | ¢ (W) - ¢ (W) | = {20 —8mi—2j + 1 i=1,2..kj=1,2..m}

The range of | ¢ (W) - @ (Ui1) | = {20 — 8mi + 2j - 1 Jd=1,2..kj=1,2...m}
The range of | ¢ (V) - ¢ (u) | = {4mk — 8mi + 2j + 4m - 1 Jd=1,2..kj=12
...m}

The range of | ¢ (Vi) - ¢ (Uiss) | = {4mk —8mi+2j-1  ,i=1,2..kj=1,2..m}

Hence, {| ¢ (U)-o(V)|:uv e E(G)} = {1,3,5...20- 1}.
So the graph (m, k) Cg is odd graceful.

Example 6

Figure 10: The odd graceful of the graph (4, 2) Cq

Theorem 1: The graph kCg-snake " (1, k) Cg-snake" is odd graceful.

Proof

Let UUoUs.. Uz, WiWoWa.. Wy, ViVaVa...Vk, Wi WioWar WooWaiWap .. .WigWie and VigViaVog
VaoVa1Va; ... Via Vi are the vertices of kCg-snake, such that v; & w; are put between u; and
Uit Wy IS put between w, and u; such thati=1,2,3...k+1, p=1,23...k, 1 =1, 2, vy is
put between v, and u;, where i =1, 2, 3..k+1, p = 1,2,3...k, | = 1, 2, the graph kCs-

snake has number of edges "q" 8k, as shown in the next figure.
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Wia

Figure 3: The graph kCs-snake

The number of edges” q"= 8k

Define ¢: V(G) — {0, 1, 2... 29-1} as following:

é(u) =8(i — 1) i=1,2,3.. k+l

(W) = 8i - 2 i=1,2,3...k
#(v)=8i-6 i=1,2,3...k
dw)=29-8i-41+11  ,i=1,23...k ,1=172
é (Vi) =29 8i-4l+9 i=1,2,3...k ,1=1,2

From the definition of ¢ we find:
* Vv eV(G) : V(G) is a set contains all the vertices of the graph G = kCg-snake
3 ,mnax ¢ (v)

max{ o, (5= 9). max(8i=2),

11;*;_12’{:{(2::; —8i—4l+11), 11;;_12}{:{(8; —6),
1=1.2

12}2?(2{; —8i—41+9)}
1=12

= max{max{0, 8 16 ...8k}, max{6, 14 ... 8k
2}, 11}13{{2::;—4i+3,2q—4i—5...2q—4L—Sk+11}
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max {2, 10

8k -

6}, 11113{{2::;— 414+1,2g—41—7 ..2g — 4l -8k +9}}

=29-1

Hence, we find that

(V) €10,1,2...2q—1}

* It's obvious that V u,v e V(G) 3 ¢ (U) £ 4 (V) € {0, 1,2 ... 20— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {

0,1,2...2q - 1}

» Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as
The range of | ¢ (W) - ¢ (u)) | = {29 — 16i + 15 i=1,2..k}

={29-1,29-17...29-16k + 15}
={29-1,29-17... 15}

The range of | ¢ (wi) - ¢ (W) | ={2q - 16i +9 =12k
={2q-7,29-23...29-16k+9}
={2q-7,20-23...9}

The range of | ¢ (wi,) - ¢ (W) | = {29 - 16i +5 =12k}
={2q-11,29-27 ... 2q - 16k +5}
={2q-11,29-27...5}

The range of | ¢ (W) - ¢ (Uia) | = {29 — 16 + 3 =12k}
={2q-13,20-29...2q—- 16k + 3}
={29-13,29-29...3}

The range of | ¢ (vir) - ¢ () | = {29 - 16i + 13 A=12.k}

={29-3,20-19...2q- 16k + 13}
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={2q9-3,29-19 ... 13}

The range of | ¢ (Vi) - ¢ (vi) | ={29—16i + 11 i=1,2 ..k}
={2q-5,29—-21...29-16k+ 11} , 29 = 16k
={2q-5,29-21...11}

The range of | ¢ (vip) - ¢ (Vi) | = {29 - 161 + 7 J0=1,2 ..k}
={209-9,290-25...29-16k+ 7} , 20 = 16k
={29-9,24-25...7}

The range of | ¢ (vi2) - ¢ (i) | = {29 — 161 + 1 =1,2..k}
={2q-15,29-31...29-16k+1} , 20 = 16Kk
={29-15,29-31...1}

Hence, {| ¢ (u)- ¢ (v)|:uv e E(G)} = {1,3,5...29-1}.

So the graph kCg-snake is odd graceful.

Example 3

Figure 4. The odd graceful labeling of the graph 3Cg-snake
Theorem 2: The graph (2, k) Cg-snake is odd graceful.

Proof
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Let UyUoUs... Uy, W), Wherei=1,2,3...k,j=1,2, v}, wherei=1,2,3..k j=1, 2,
wil, wherei=1,2,3..k,1=1,2,j=1,2and v}, wherei=1,2,3..k,1=1,2,j=1,
2 are the vertices of (2, k) Cg-snake, such that v & w; are put between u; and U;., Wy is
put between w,) and u; such thati=1,2,3..k+1, p=123..k,1=1,2,j=1,2, v/ is
put between v, and u; such thati=1,2,3..k+1, p=123..k, 1=1,2,j=1,2, V] is
beneath vi**, w{ is beneath wi*!, the graph (2, k) Cg-snake has number of edges "q"

16k, as shown in the next figure.

Figure 5: The graph (2, k) Cg-snake

The number of edges™ q"= 16k

Define ¢: V(G) — {0, 1, 2... 2g-1} as following:

é(u) = 16(i — 1) i=1,2,3.. k+l

& (W) = 16i + 4j - 10 i=1,2,3...k ,j=1,2

@ (vi) = 16i + 4j - 18 i=1,2,3..k ,j=1,2

d(Wi) =20 - 16i-81+2j+19  ,i=1,2,3...k1=1,2 ,j=1,2
é (Vi) =29 — 16i - 81 + 2j + 15 i=1,2,3...k1=1,2 ,j=1,2

From the definition of ¢ we find:

* Vv eV(G) : V(G) is a set contains all the vertices of the graph G = (2, k) Cs-snake
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i
,nax ¢ (v)

16i — 16 j f —
(16 ), 1151;153?1:?(161+ 4j — 10),

=12

max{ max
1l=isk+1

lmakx(zq —16i — 8l + 2j + 19), lmakx[lﬁi + 4j —18),
=iz sizk,
" =12

makx(zq —16i—8l+ 2j+ 15)}

1l=i=

= max{max{0, 16, 32

16K}, max(4j+ 6,4j +22 .4 + 16k — 10}
=12

mfﬁZq—Ei+2j'+3,2q—8£+2j—13 w2q — 81+ 2j —

=12
16k + 19}

mla:{dlj —2,4j +14 .. 4j + 16k — 18},
Jj=1.2

r_lqj?ﬁzq—81+2j'—1,2q—8i+2j—1? ..2q — 81+ 2j —

j=1.2
16k + 15
1

=29-1

we find that

(V) €10,1,2...2q— 1}

Hence,

* It's obvious that Vu,v e V(G) 3 g (U) £ 4 (V) € {0, 1,2 ... 20— 1}
The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {

0,1,2...2q - 1}

* Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...
} and that's as following:

2q - 1
,i=1,2 ...k}

The range of | ¢ (wi') - ¢ (U;) | = {29 — 32i + 29

={2q-3,29-35...29-32k+29 } 124 = 32

={2q-3,29-35...29}
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The range of | ¢ (wi,') - ¢ (Wi) | ={2q—32i + 19 i=1,2..k}
={29-13,29-45...29q-32k+ 19} , 20 =
32k
={2q-13,29-45...19}

The range of | ¢ (Wi") - ¢ (wi") | = {29 — 32i + 11 ,i=1,2..k}
={29-21,29-53...29-32k+ 11} , 20 =
32k
={2q9-21,29-53 ... 11}

The range of | ¢ (Wi,") - ¢ (Uin1) | = {29 - 32i +5 Ji=1,2..k}
={29-27,29-59...29-32k+5} .29 = 32K
={29-27,20-59...5}

The range of | ¢ (Wi,%) - ¢ (u;) | = {29 - 32i + 31 =12 ..k}
={29-1,29-33...29-32k + 31} , 20 = 32k
={29-1,29-33 ... 31}

The range of | ¢ (Wi,%) - ¢ (Wi%) | ={2q—32i + 17 Ji=1,2..k}
={29-15,29-47...2q-32k + 17 } , 20 =
32k
={29-15,2q9-47 ... 17}

The range of | ¢ (Wi,) - ¢ (W) | = {29 — 32i + 9 ,i=1,2..k}
={29-23,29-55...29-32k+9} .29 = 32k
={29-23,20-55...9}

The range of | ¢ (Wi,") - ¢ (Ui | = {29 - 32i + 7 Ji=1,2..k}
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={2q-25,29-57...2q-32k+ 7} , 20 = 32k
={29-25,29-57...7}
The range of | ¢ (vii') - ¢ (u) | = {29 — 32i + 25 =12 ..k}
={2q-7,29-39...2q - 32k + 25 } , 2q = 32k
={2q-7,29-39 ... 25}
The range of | ¢ (vii)) - ¢ (vi') | ={2q—32i + 23 Ji=1,2..k}
={29-9,29—41...29-32k+ 23} , 20 = 32k

={20-9,2q-41...23}

The range of | ¢ (vi2!) - ¢ (vi') | = {29 - 32i + 15 ,i=1,2..k}
={29-17,290-49...2q-32k + 15} , 20 =
32k

={2q-17,29-49 ... 15 }
The range of | ¢ (V') - ¢ (uia) | = {29 - 32i +1 Ji=1,2..k}

={29-31,29-63...1}

The range of | ¢ (vi®) - ¢ (u) | = {29 - 32i +27 Ji=1,2..k}
={2q-5,29—-37... 232k + 27 } 24 =32

={2q-5,29-37 ... 27}

The range of | ¢ (vir?) - ¢ (v?) | = {29 —32i + 21 Ji=1,2..k}
={29-11,29-43...29q—-32k+ 21} , 20 =
32k

={29-11,2q9-43...21}
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The range of | ¢ (vi.?) - ¢ (v?) | = {29 - 32i + 13 ,i=1,2..k}

={29-19,29-51...290-32k+ 13 } , 20 =
32k

={2q-19,29-51 ... 13}

The range of | ¢ (vi°) - ¢ (Ui.1) | = {29 — 32i + 3 ,i=1,2..k}
={2q-29,2q-61 ...29-32k+3} , 20 = 32k
={29-29,2q-61...3}

Hence, {| ¢ (u)- ¢ (v)|:uv e E(G)} = {1,3,5...29-1}.

So the graph (2, k) Cg-snake is odd graceful.

Example 4

Figure 6: The odd graceful labeling of the graph (2, 3) Cg-snake

Theorem 3: The graph (3, k) Cg-snake is odd graceful.
Proof

Let UyloUs.. Uy, Wi i=1,2,3...k j=1,2,3,vii=1,2,3..k j=1,23 wi=1,2,
3..k1=1,2j=1,23and v, i=1,2,3...k,1=1,2,j=1, 2, 3 are the vertices of
(3, k) Cg-snake, such that v/ & w;/ are put between u; and u;., Wi/ is put between w, and
usuchthati=1,2,3..k+1, p=123..k,1=1,2,j=1,2, 3, vy is put between v,
and u;such thati=1,2,3...k+1,p=1,23..k 1=1,2, j=1, 2,3, v/ is beneath v,
w; is beneath wi**, where j = 1, 2, 3, the graph (3, k) Cg-snake has number of edges

"q" 24k, as shown in the next figure.
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Figure 7: The graph (3, k) Cg-snake

The number of edges” q"= 24k

Define ¢: V(G) — {0, 1, 2... 29-1} as following:

& (U) = 24(i — 1) i=1,2,3... k+1

& (Wi) = 24i + 4j - 14 i=1,2,3...k ,j=1,2,3

& (Vi) = 24i + 4k - 26 i=1,2,3...k ,j=1,2,3

& (W) = 2 — 24 -121 + 2j +29 i=1,2,3..k1=1,2,j=1,2,3
@ (Vi) = 2 — 24i - 121 + 2j +23 i=1,2,3...k1=1,2,j=1.2,3

From the definition of ¢ we find:

* Vv eV(G): V(G) is a set contains all the vertices of the graph G = (3, k) Cs-snake

3 i
,nax ¢ (v)

max{ max (24i— 24), 11{]@35{(2% + 4j —14),
_E_ ’

1=izk+1
i=1.2.3
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max (2g — 24i — 121 + 2j + 29), max (241 + 4f — 26),

lzizk

=12 j=1.2.3
i=1.2.3
J&gf[zq——24z—-12i4—23+-23]}
=12
i=1.2.3
= max{max{0, 24, 48

...24k}, _nila}é{dlj + 10,47 +34 .. 4j + 24k — 14},
/1.4

11_115x{2q — 1214+ 2j+5,2g—121+2j—19..2q —

j=1,2,3
121 + 2j — 24k + 29}

max{4j — 2,47 + 22 ..4j + 24k — 26},

j=1.2.3
11_11&:{{2:; — 1214+ 2j—1,2q— 121+ 2j— 25 ...2q —
_;1'21,2:3
121+ 2j — 24k + 23
3;
=29-1
Hence, we find that -

d(V) €10,1,2...2q—1}
* It's obvious that V. u,v e V(G) I g (U) £ 4 (V) € {0, 1,2 ... 20— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {

0,1,2...29- 1}
» Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...
2q - 1 } and that's as following:
The range of | ¢ (Wi') - ¢ (U;) | = {2q — 48i + 43 ,i=1,2..k}
={29-5,29—-53...2q-48k +43} , 20 = 48k

={2q-5,2q—53 ... 43}

The range of | ¢ (wi,') - ¢ (Wi) | = {2q —48i + 29 Ji=1,2..k}
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={2q- 19, 29 - 67 ... 2q — 48k + 29 }
48k

={29-19,2q9-67...29 }
The range of | ¢ (wio") - ¢ (W") | = {20 — 48i + 17 ,i=1,2..k}

={29-31,29-79...2q—48k + 17 }
48k

={29-31,29-79 ... 17}

The range of | ¢ (Wi,") - ¢ (Uis1) | = {29 —48i + 7 ,i=1,2..k}
={2q- 41,2989 ...2q— 48k + 7 }
={29-41,29-89...7}

The range of | ¢ (W,?) - ¢ (U;) | = {29 — 48i + 45 i=1,2..k}

={29-3,29-51...2q—-48k +45}
={2q-3,2q—51 ... 45}
The range of | ¢ (Wi,%) - ¢ (W) | = {2q - 48i + 27 Ji=1,2..k}

={20-21,29-69 ... 2q— 48k + 27 }
48k

={2q-21,29-69 ...27 }
The range of | ¢ (Wi,%) - ¢ (W) | = {29 — 48i + 15 ,i=1,2..k}

={2q-33,20 81 ...2q— 48k + 15 }
48k

={2q-33,29-81 ... 15}

The range of | ¢ (Wi,") - ¢ (Uis) | = {29 — 48i +9 Ji=1,2..k}
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= {2 -39, 20 — 87 ... 2q — 48k + 9}  2q = 48k
={209-39,29-87...9}

The range of | ¢ (W,°) - ¢ (u) | = {2q — 48i + 47 ,i=1,2..k}

={29-1,29-49...2q-48k + 47 } , 20 = 48k
={20 1,29 49 ... 47}

The range of | ¢ (wi,%) - ¢ (W) | = {2q —48i + 25 i=1,2..k}
={29-23,2q-71... 2q— 48k + 25} , 2q = 48k
={2q-23,29-71...25}

The range of | ¢ (wi,") - ¢ (Wi°) | = {29 - 48i + 13 ,i=1,2..k}
= {2q- 35,20 83 ... 2q — 48k + 13} , 2q = 48K
={2q-35,29-83 ... 13}

The range of | ¢ (Wi2") - 4 (Uia) | ={20-48i +11  ,i=1,2..k}
={29-37,2q0-85 ... 2q - 48k + 11} , 2q = 48k
={2q-37,29-85 ... 11}

The range of | ¢ (vi) - ¢ (u;) | = {2q - 48i + 37 Ji=1,2..k}
={2q-11,2q9-59...29-48k + 37 } , 20 = 48k

={2q-11,29-59 ... 37}

The range of | ¢ (vii!) - ¢ (vi') | = {29 —48i + 35 ,i=1,2..k}
={2q-13,29-61...20—-48k+35} , 20 =
48Kk

={29-13,2q-61...35}

The range of | ¢ (vi2!) - ¢ (vi') | = {2q — 48i + 23 ,i=1,2..k}
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={29-25,29-73...2q—-48k + 23 } , 20 =
48k

={2q-25,29-73...23}
The range of | 4 (vi') - ¢ (Ui) [={29-48i+1  ,i=1,2..k}
={29-47,29-95...2q 48k + 1} , 2q = 48k

={2q-47,29-95 ... 1}

The range of | ¢ (vi®) - ¢ (u) | = {29 — 48i + 39 i=1,2..k}
={29-9,29-57...2q-48k+ 39} , 20 = 48k
={29-9,29-57... 39}
The range of | ¢ (vi®) - #(v) | ={2q-48i+33  ,i=1,2..k}
={29-152q-63 ... 20 — 48k + 33} , 20 = 48k

={2q-15,29-63...33}

The range of | ¢ (vi,?) - ¢ (v?) | = {2q - 48i + 21 ,i=1,2..k}
={29-27,29-75...2q—-48k + 21} , 20 =
48Kk

={29-27,29-75... 21}

The range of | ¢ (v) - ¢ (Ui) | ={29-48i+3  ,i=1,2.k}
={2q-45,20-93...2q-48k+3} , 20 = 48k
={29-45,29-93...3}

The range of | ¢ (vi®) - ¢ (u) | = {2q — 48i + 41 =12 ..k}

={29-7,290—-55...2q-48k+41} , 20 = 48k

={2q-7,29-55 ... 41}
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The range of | ¢ (vii®) - ¢ (v%) | = {29 —48i + 31 i=1,2..k}

={29-17,29-65...2q—-48k + 31} , 20 =
48k

={2q-17,29-65...31}

The range of | ¢ (vi.°) - ¢ (v°) | = {2q — 48i + 19 ,i=1,2..k}
={29-29,29-77...2q-48k + 19 } , 2q
48Kk

={24-29,294-77... 19}
The range of | ¢ (v.°) - ¢ (Ui.1) | = {29 —48i + 5 ,i=1,2..k}
= {2 - 43,29 - 91 ... 2q — 48k + 5} , 2q = 48k
={20-43,20-91...5}
Hence, {| ¢ (uU)-o(V)|:uv e E(G)} = {1,3,5...20- 1}.

So the graph (3, k) Cg-snake is odd graceful.

Example 5

Figure 8: The odd graceful labeling of the graph (3, 2) Cg-snake
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Theorem 4: The graph (m, k) Cg-snake is odd graceful.

Proof

Let UgloUs. ..U, WP i=1,2,3...k j=1,2,3..mVvii=1223..kj=1,23...m w/
i=1,2,3..k,1=1,2,j=1,2,3..mand vy}, i=1,2,3..k,1=1,2,j=1,2,3..m
are the vertices of (m, k) Cg-snake, such that v{ & w; are put between u; and u;., W/ is
put between w,' and u; such that i = 1,2, 3..k+1, p=1,23..k, 1=1,2,j=1, 2,
3...m, vy is put between v, and u; such thati=1,2,3..k+1,p=1,23..k 1=1,2,j =
1, 2, 3...m, v{ is beneath v{*!, w/ is beneath w/**, where j = 1, 2, 3...m, the graph (m,

k) Cg-snake has number of edges "q" 8m k, as shown in the next figure.

Figure 9: The graph (m, k) Cg-snake

The number of edges” q"= 8m k

Define ¢: V(G) — {0, 1, 2... 2g-1} as following:

é(u) =8m (i —1) i=1,2,3.. k+l

# (W) = 8mi + 4j - 4m - 2 Ji=1,2,3...k ,j=1,2,3..m

¢ (vi) = 8mi + 4j - 8m -2 i=1,2,3...k ,j=1,2,3..m

é (W) = 29 — 8mi - 4ml + 2j + 10m — 1 i=1,2,3...k1=1,2,j=1,2,3..m
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¢ (Vi)) = 29 — 8mi - 4ml + 2j + 8m — 1 i=1,2,3...k1=12,j=1,2,

3...m
From the definition of ¢ we find:
* Vv eV(G): V(G) is a set contains all the vertices of the graph G = (m, k) Cg-snake

3 ' -
,max ¢ (v)

max{ LJhax (8mi — 8m), 12353%(8m; 4 4j — 4m —2),
1=j2m

lrg}gi:[zq —8mi — 4ml + 2j + 10m — 1),
1=1.2

1=j=m

max (8mi + 4j —8m — 2),
1sizk,
1Zj=m

max(2g — 8mi — 4ml + 2j + 8m — 1)}

1=i=k
1=1,2,
1=j=m
= max{max{0, 8m, 16m
...8mk},
max{4j +4m —2,4j+ 12m — 2 ... 4j + 8mk — 4m — 2},
l=j=m

max({2q —4ml +2j +2m— 1,29 — 4ml + 2j — 6m —
lzjzm

1..2qg —4ml +2j —8mk + 10m — 1}

max{4j —2,4j + 8m — 2...4j + 8mk — 8m — 2},

lzj=m

max{2g —4ml +2j —1,2g —4ml + 2j —8m —

=12,

7=1,23
1..2q—4ml+2j—8mk+8m—1
1
=29-1
Hence, we find that -

$(v) €{0,1,2...2q—1}

* It's obvious that V u,v e V(G) 3 ¢ (u) # ¢ (v) € {0, 1,2 ... 29— 1}
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. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {
0,1,2...2q - 1}

* Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as following:
The range of | ¢ (Wi) - ¢ (u) | = {29 — 16mi + 2j + 14m - 1 J=1,2..kj=1,2
...m}
={2q+2j-2m-1,2q+2j-18m -1 ... 29 + 2] —
16mk+14m-1,j=1,2...m} , 20 = 16mk
The range of | ¢ (W) - ¢ (W) | = {29 — 16mi - 2j + 10m + 1 =12k j=1,
2..m}
={29-2j-6m+1,29-2j—-22m+1 ...29- 2] —
16mk + 10m+1,j=1,2...m} , 2Q =
16mk
The range of | ¢ (W) - ¢ (W) | = {29 — 16mi - 2j + 6m + 1 i=1,2..kj=12
...m}
={20-2j-10m+1,29-2j—-26m+1...2q- 2] —
16mk+6m+1,j=1,2...m} , 20 = 16mk
The range of | ¢ (W) - ¢ (Ui1) | = {20 — 16mi + 2j + 10m - 1 =1,2 ..k j=1,
2...m}
={2q+2j-6m-1,2q+2j—-22m—1...20+ 2j —
16mk + 10m-1,j=1,2...m} , 20 =
16mk
The range of | ¢ (Vi) - ¢ (u;) | = {29 — 16mi + 2j + 12m - 1 =12k j=1,2
...m}
={29+2j-4m-1,29+2j-20m—1...2q + 2j —
16mk +12m-1,j=1,2...m} , 20 =
16mk
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The range of | ¢ (Vi) - ¢ (V) | = {2 — 16mi - 2j + 12m + 1 i=1,2..kj=1,2
...m}

={29-2j-4m+1,29-2j-20m+1...29- 2] —

16mk + 12m+1,j=1,2...m} , 20 =
16mk
The range of | ¢ (vi) - ¢ (V) | = {29 — 16mi - 2j + 8m + 1 i=1,2..kj=1,2
...m}
={29-2j-8m+1,2q-2j—-24m+1 ...2q9 - 2] —
16mk+8m+1,j=1,2...m} , 20 = 16mk
The range of | ¢ (Vi) - é (Ui.1) | = {29 — 16mi + 2j + 8m - 1 =1,2..kj=1,2
...m}
={29+2j-8m-1,29+2j-24m—-1...2q+ 2] —
16mk+8m-1,j=1,2...m} , 20 =
16mk

Hence, {| ¢ (uU)-o(V)|:uv e E(G)} = {1,3,5...20- 1}.
So the graph (m, k) Cg-snake is odd graceful.

Example 6
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Figure 10: The odd graceful labeling of the graph (5, 1) Cg-snake

Theorem 5: The graph kCy,-snake is odd graceful.

Proof

Let UiUsUs. . . Ugsr, WiWoW3. . Wy, VaVoV3 Vi, @18283...8%, X1XoXs... X, D10sDs...0y, hihshs.. . hy,
C1C2Cs...Cx, Z1Z573...2, d10,ds...d, and 0:0.0s...0¢ are the vertices of kCip-snake, such
that v; & w; are put between u; and ui., 8; IS put between w; and u;, X; is put between a;
and u;, b; is put between w; and u;.q, h; is put between b; and u;., C; is put between v;
and u;, z; is put between c; and u;, d; is put between v; and u;.4, g; is put between d; and
Ui Where i =1, 2, 3.. .k, the graph (m, k) Cg-snake has number of edges "q" 12k , as
shown in the next figure.

Figure 11: The graph kCy,-snake

The number of edges™ q"= 12k

Define ¢: V(G) — {0, 1, 2... 2g-1} as following:

é(U) = 6i — 6 i=1,2,3.. k+l
(%) =2q-6i+5 i=1,2,3...k
#(h)=2q - 6i +1 i=1,2,3...k
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é(a)) = 6i — 4 i=1,2,3...k

¢ (b;) =6i-2 ,i=1,2,3...k
¢ (W) =2q-6i+3 =1,2,3...k
$(z)=q—6i+5 i=1,2,3...k
¢(@)=q-6i+1 i=1,2,3...k
$(c)=2q+6i—12k—-4 ,i=1,2,3...k
¢ (d) = 2q + 6i — 12k - 2 i=1,2,3...k
dp(vi)=q—6i+3 =1,2,3...K

From the definition of ¢ we find:
Vv eV(G): V(G) is a set contains all the vertices of the graph G = kCy,-shake

3 @ =
, hax ¢ (v)

max{ 1{{11151{1 (61 —6), rqnax(zq 61 + 5), 333}1:{(6; —4),

2 6 1
max(2q—6i+ 1)

max(6i — 2), max(zq 61 + 3), max(q 6i +5),

1=izk

lmai:(q 61 + 1), max(Eq +6i— 12k — 4),
=i=

lmaic(ZQ +6i — 12k — 2}, max[q 6i+3)}

= max{max{0, 6, 12 ...6k}, max{2q - 1, 2q — 7 ... 2q — 6k + 5},
max{2, 8, 14 ... 6k — 4}, max{2q - 5,2q - 11 ... 2q — 6k + 1},
max{4, 10 ... 6k — 2}, max{2q — 3, 20 - 9 ... 2q — 6k + 3},
max{q—-1,9—-7...q—-6k+5} max{q-5,q—11...q—6k +
1}, max{2q — 12k + 2, 29 — 12k + 8 ... 2q — 6k - 4}, max{2q —
12k + 4,29 — 12k + 10 ... 2q— 6k - 4}, max{q—3,9-9...q—
6k + 3}}

=2q-1
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Hence, we find that -

d(V) €10,1,2...2q—1}
* It's obvious that V u,v e V(G) 3 ¢ (U) £ ¢ (v) € {0, 1,2 ... 20— 1}

. The function ¢ is one-to-one mapping from the vertex set of G "V(G)" to the set {
0,1,2...2q9 - 1}

* Now, we want to show that the labels of the edges of G belong to the set {1, 3,5 ...

2q - 1 } and that's as following:
Therange of | ¢ (X)) - ¢ (u) | = {29 —12i + 11 ,=1,2 ..k}
={29-1,29-13...29-12k+11} , 20 = 24K

={29-1,29-13 ... 11}

Therange of | ¢ (X)) - ¢ (&) | ={29—12i + 9 i=1,2..k}
={2q-3,29-15...2q-12k+9} , 20 = 24k
Therange of | g (W) - ¢ (&) | = {29 —12i + 7 0=1,2 ..k}
={29-5,29-17...20-12k+7} , 20 = 24k
The range of | ¢ (W) - ¢ (b)) | ={29—12i +5 ,i=1,2...k}
={29-7,20-19...20-12k+5} , 20 = 24k
Therange of | ¢ () - ¢ (b) | ={2q9 - 12i + 3 =1,2..k}
={29-9,29-21...20-12k+3} , 20 = 24k
Therange of | ¢ (hy) - ¢ (uisr) | = {29 - 12i + 1 =1,2..k}
={29-11,29-23...290-12k+1} , 20 = 24k
Therange of | ¢ (z:) - ¢ (ui) | ={q—12i + 11 =12 ..k}
={g-1,9-13...q-12k+11} , =12k

={q-1,q9q-13...11}

Therange of | ¢(C)) - ¢(z) | ={q +12i — 12k - 9 =1,2..k}
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={q-12k+3,q-12k+15...9q-9} ,q =12k

={3,15...9-9}

Therange of | ¢ (c) - o (Vi) | ={q + 12i — 12k -7 i=1,2 ..k}
={q-12k+5,9g-12k+17...9-7} ,q =12k
={517...q-7}

Therange of | ¢ (d)) - ¢ (v) | ={q + 12i — 12k - 5 =1,2..k}
={q-12k+7,9-12k+19...9-5} , =12k
={7,19...9-5}

Therange of | ¢ (d) - ¢ (g:) | ={q + 12i — 12k - 3 =1,2..k}
={q-12k+9,9-12k+21...q-3} ,q=12k
={9,21...q-3}

Therange of | ¢(Qi) - ¢ (Uist) | ={q-12i +7 ,i=1,2..k}
={q-50q9-17...q-12k+7} ,q =12k

={q-5q9q-17...7}
Hence, {| ¢ (U) -4 (V)|:uv e E(G)} = {1,3,5...20- 1}.

So the graph kCy,-snake is odd graceful.
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Example 7

Figure 12: The odd graceful labeling of the graph 2C;,-snake

Conclusion:

In this paper, we defined the graph (m, k) Cs-snake and proved that the
graphs kC4- snake is odd graceful, we proved the graph (2, k) Cs-snake is odd
graceful, we introduced the odd graceful labeling of the graph (3, k) C4-snake, we
introduced the odd graceful labeling of the graph (m, k) C4-snake. We proved that the
graphs kCs- snake is odd graceful, we proved the graph (2, k) Cs-snake is odd
graceful, we introduced the odd graceful labeling of the graph (3, k) Cg-snake, we
introduced the odd graceful labeling of the graph (m, k) Cs-snake. we proved that the
graph (2, k) Cg-snake is odd graceful, we introduced the odd graceful labeling of the
graph (3, k) Cg-snake, we introduced the odd graceful labeling of the graph (m, k) Cg-
snake, and after that we proved that the graph kCi,-snake is odd graceful.
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